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Abstract
We construct an extension of the Poincare´ group which involves a mixture of internal and
space-time supersymmetries. The resulting group is an extension of the superPoincare´
group with infinitely many generators which carry internal and space-time indices. It
is a closed algebra since all Jacobi identities are satisfied and it has therefore explicit
matrix representations. We investigate the massless case and construct the irreducible
representations of the extended symmetry. They are divided into two sets, longitudinal
and transversal representations. The transversal representations involve an infinite series
of integer and half-integer helicities. Finally we suggest an extension of the conformal
group along the same line.
1† On leave of absence from CPHT E´cole Polytechnique, F-91128, Palaiseau Cedex,France.
1 Introduction
In an attempt to discuss higher spin gauge fields in a new setting, a generalization of the
Poincare´ algebra has been suggested [1]. In it the Poincare´ generators are enlarged by in-
finitely many new bosonic generators which carry internal and space-time indices. In this
article we shall construct a supersymmetric extension of this algebra. The resulting alge-
bra contains the ordinary superPoincare´ generators together with infinitely many bosonic
generators which form a current algebra between themselves. It is a closed algebra since
all Jacobi identities are satisfied and it can hence have explicit matrix representations.
Let us first introduce the infinite set of translationally invariant generators which carry
internal and space-time indices:
Lλ1...λsa , s = 0, 1, 2...... (1)
where La (s = 0) are the generators of the internal Lie algebra LG and the generators
Lλ1...λsa are totally symmetric with respect to the indices λ1...λs. These generators carry
space-time and internal indices and transform under the operations of both groups. In a
sense these generators remind us of gauge fields having both Lorentz and internal indices
and, as we shall see, there are some properties inherent of gauge fields in them. The
current algebra of these generators is defined as follows [1]:
[Lλ1...λna , L
λn+1...λs
b ] = ifabcL
λ1...λs
c , s = 0, 1, 2..... (2)
where at the basic level (s=0) it contains the internal algebra LG with commutators
[La, Lb] = ifabcLc. The current algebra (2) is not yet completely defined because it does
not specify how the new generators Lλ1...λsa transform under space-time transformations.
Assuming the generators Lλ1...λsa be translationally invariant tensors of rank s, the following
extension of the Poincare´ algebra was suggested [1]:
[P µ, P ν ] = 0, (3)
[Mµν , P λ] = i(ηλν P µ − ηλµ P ν),
[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),
[P µ, Lλ1...λsa ] = 0, (4)
[Mµν , Lλ1...λsa ] = i(η
λ1νLµλ2...λsa − η
λ1µLνλ2...λsa + ...+ η
λsνLλ1...λs−1µa − η
λsµLλ1...λs−1νa ),
[Lλ1...λna , L
λn+1...λs
b ] = ifabcL
λ1...λs
c (s = 0, 1, 2, ...). (5)
The first three commutators define the Poincare´ algebra as its subalgebra. The next two
commutators tell us that the generators Lλ1...λsa are translationally invariant tensors of
rank s and the last commutator defines the current subalgebra (2). One can check that
all Jacoby identities are satisfied and we have an example of fully consistent algebra,
which is called an extended Poincare´ algebra LG(P) associated with a compact Lie group
G. Thus the algebra LG(P) incorporates the Poincare´ algebra and an internal algebra LG
in a nontrivial way, which is different from the direct product. The generators Lλ1...λsa
have a nonzero commutation relation with Mµν and therefore carry higher spins.
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2 Supersymmetric Extension of the LG(P) Algebra
We are interested in constructing further extensions of the LG(P) algebra which should
include anti-commuting generators. A priory it is not obvious that such an extension can
be constructed. With this intention in mind, let us compare the above extension of the
Poincare´ algebra with the (extended) super-Poincare´ algebra which is defined as follows
[3, 4, 5, 6, 7, 8]:
[P µ, P ν] = 0, (6)
[Mµν , P λ] = i(ηλν P µ − ηλµ P ν),
[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),
[P µ, Qiα] = 0, (7)
[Mµν , Qiα] =
i
2
(γµνQi)α, γ
µν =
1
2
[γµ, γν ]
{Qiα, Q
j
β} = −2 δ
ij(γµC)αβPµ, i = 1, ..., N, (8)
where we allowed for an R-symmetry specified by the indices i and j. Qiα is a Majorana
spinor. This algebra also has the Poincare´ algebra (3), (6) as a subalgebra. The next two
commutators (4) and (7) express the fact that the extended generators Qiα and L
λ1...λs
a are
translationally invariant operators and carry a nonzero spin. The last commutators (5)
and (8) are essentially different in both algebras: in super-Poincare´ algebra the generators
Qiα anti-commute with the operator P
µ, while in our case Lλ1...λsa commute with themselves
to form an infinite series of commutators of the current algebra (2) which cannot be
truncated. Therefore, the index s runs from zero to infinity, providing an example of an
infinitely-dimensional current subalgebra [9].
Another possibility to combine the above algebras would be to consider an infinite
set of spinor-tensor generators Qiαλ1...λs, but this does not work. Therefore the natural
suggestion is the following unification of these algebras2:
[P µ, P ν ] = 0, (9)
[Mµν , P λ] = i(ηλν P µ − ηλµ P ν),
[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),
[P µ, Lλ1...λsa ] = 0, (10)
[P µ, Qiα] = 0,
[Mµν , Lλ1...λsa ] = i(η
λ1νLµλ2...λsa − η
λ1µLνλ2...λsa + ...+ η
λsνLλ1...λs−1µa − η
λsµLλ1...λs−1νa ),
[Mµν , Qiα] =
i
2
(γµνQi)α, γ
µν =
1
2
[γµ, γν ]
[Lλ1...λna , L
λn+1...λs
b ] = ifabcL
λ1...λs
c , s = 0, 1, 2, ...
{Qiα, Q
j
β} = −2 δ
ij(γµC)αβPµ, i = 1, ..., N
[Lλ1...λsa , Q
i
α] = 0 . (11)
2Our notational conventions follow the article [2].
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Here, at s = 0, we have the relations
[P µ, La] = 0, [M
µν , La] = 0,
therefore the internal bosonic algebra LG obeys the Coleman-Mandula theorem [10].
Let us now investigate the commutators between Qiα and the rest of the generators.
First we have to check the Jacobi identities which contain at least one anticommuting
generator. They are:
[ [Lλ1...λsa , P
µ] Qiα] + Perm. = 0
[[Lλ1...λsa , M
µν ] Qiα] + Perm. = 0
[[Lλ1...λna , L
λn+1...λs
b ] Q
i
α] + Perm. = 0
and as one can check, they are indeed identically true. The identities with two anticom-
muting generators have the form
{ [Lλ1...λsa , Q
i
α] Q
j
β}+ { [L
λ1...λs
a , Q
j
β] Q
i
α}+ [{ Q
i
α, Q
j
β}] L
λ1...λs
a ] = 0
and they are also true. The rest of the identities are satisfied since they coincide with the
identities of the known subalgebras (3)-(5) and (6)-(8).
3 General Properties of the Extended Algebra LG(SP)
The algebra (9) is invariant with respect to the following ”gauge” transformations:
Lλ1...λsa → L
λ1...λs
a +
∑
1
P λ1Lλ2...λsa +
∑
2
P λ1P λ2Lλ3...λsa + ... + P
λ1...P λsLa
P λ → P λ, (12)
Mµν → Mµν ,
Qiα → Q
i
α,
where the sums
∑
1,
∑
2, ... extend over all inequivalent index permutations. It is not an
internal isomorphism since it cannot be represented as conjugations by elements U of the
group itself: L→ U−1 L U . The transformations contain polynomials of the commuting
momenta and are reminiscent of the gauge transformations for the gauge fields. They
are “off-shell” transformations because the invariant operator P 2 can have any value3.
As a result, to any given representation of Lλ1...λsa , s = 1, 2, ... of the extended algebra
one can add the longitudinal terms, as it follows from the transformation (12). Thus all
representations are defined modulo ”gauge transformations” and we can identify these
generators as ”gauge generators”.
Theorem. To any given representation of the gauge generators Lλ1...λsa , s = 1, 2, ... of
the extended algebra one can add longitudinal terms. All representations are therefore
defined modulo longitudinal terms.
3Note that the square mass operator P 2, is a Casimir invariant for the above algebra while the spin
operator WµWµ (W
µ being the Pauli-Lubansky vector) is not.
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The second general property of the extended algebra is that each gauge generator
Lλ1...λsa cannot be realized as an irreducible representation of the Poincare´ subalgebra of
a definite helicity, i.e. to be a symmetric and traceless tensor. The reason for this is that
the commutator of two symmetric traceless generators in the current subalgebra (2) is
not any more a traceless tensor. Therefore the gauge generators should realize a reducible
representation of the Poincare´ subalgebra and each of them carries a sequence of helicities,
which we shall find out in the subsequent sections.
Finally, the extended algebra LG(SP) has a general reducible representation in terms
of differential operators of the following form:
P µ = kµ,
Mµν = i(kµ
∂
∂kν
− kν
∂
∂kµ
) + i(ξµ
∂
∂ξν
− ξν
∂
∂ξµ
)−
i
2
ϑ¯γµν
∂
∂ϑ
,
Qα = −i
∂
∂ϑ¯α
+ i(γµϑ)αkµ, (13)
Lλ1...λsa = ξ
λ1...ξλs ⊗ La,
where the vector superspace of functions is parameterized in terms of momentum coor-
dinates kµ, translationally invariant vector variables ξµ and anticommuting Grassmann
variables ϑα
Ψ(kµ, ξν, ϑα) . (14)
This representation allows us to further justify the interpretation of the transformation
(12) as a gauge transformation and of the generators Lλ1...λsa as gauge generators if one
considers how this transformation acts on the representation (13). Indeed, the transfor-
mation (12) induces a transformation for the vector variable ξµ of the form
ξµ → ξµ + kµ, (15)
reminiscent of a gauge transformation for the photon polarization vector. Furthermore
in order to obtain the irreducible representations from (13), we shall follow Wigner’s
prescription imposing invariant constraints on the vector space of functions defined in
(14) of the following form [11, 12]:
k2 = 0, kµξµ = 0, ξ
2 = −1 . (16)
These equations have a unique solution
ξµ = ξkµ + eµ1 cosϕ+ e
µ
2 sinϕ, (17)
where eµ1 = (0, 1, 0, 0), e
µ
2 = (0, 0, 1, 0) when k
µ = k(1, 0, 0, 1), thus justifying the inter-
pretation of the vector variable ξµ as a polarization vector4. The invariant subspace of
functions is now reduced to the form Ψ(kµ, ξ, ϕ, ϑα), where ξ and ϕ remain as independent
variables.
There are important properties of the above representation (13), (16) and (17) which
are worth mentioning:
(i) The gauge transformation (12), (15) cannot trivialize the above representation by
nullifying the generators Lλ1...λsa , but what it can do is to change the parameter ξ in front
of kµ in (17) and
4In this article we shall consider only massless representations with k2 = 0 .
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(ii) This representation is transversal in the sense that
kλ1L
λ1...λs
a = 0, s = 1, 2, ... (18)
Having in hand this interpretation of the generators Lλ1...λsa we can divide the vector space
of representations into pure longitudinal and transversal subsets.
4 Longitudinal Representations
Let us consider an irreducible representation of the superPoincare´ algebra (6), in which
the generators P µ,Mµν , Qiα realize a matrix representation with maximal helicity h and
the La realize an irreducible matrix representation of the internal algebra LG. If one now
takes the gauge generators in the trivial form Lλ1...λsa = 0, s = 1, 2, ... it is easy to check
that this set of generators fulfils all commutation relations of the algebra (9) and therefore
forms a true representation of the extended algebra LG(SP). Applying the above theorem
to the representation just described we find that it is isomorphic to the representation in
which all generators remain in the same matrix form, except that the gauge generators
Lλ1...λsa are now purely longitudinal. Thus we have the following equivalence relation:
LSP : P
µ, Mµν , Qiα P
µ, Mµν , Qiα
Lλ1...λsa = 0, ⇔ L
||λ1...λs
a = k
λ1 ...kλs ⊕ La
LG : La La (19)
where s = 1, 2, .. It states that representations with trivial generators Lλ1...λsa = 0 and rep-
resentations with purely longitudinal generators L||λ1...λsa = k
λ1 ...kλs⊕La are isomorphic to
each other. In other words, pure longitudinal representations factorize into super-Poincare´
LSP and internal LG algebra multiplets. Or, if one reads this statement from right to left,
it says that pure longitudinal representations of Lλ1...λsa carry no more helicities than the
ones carried by the representation of the SuperPoincare´ subgroup, since it is equivalent
to a trivial representation of Lλ1...λsa , namely L
λ1...λs
a = 0 (s = 1, 2, ..).
5 Transversal Representations
As we have seen in the previous section any representation of the extended algebra (9) in
which the generators of the superPoincare´ subalgebra (6) realize a matrix representation
of finite multiplicity is always equivalent to a representation in which the gauge generators
are longitudinal and therefore trivial. It seems natural to think that in order to get a
nontrivial representation for the gauge generators one should consider infinite-dimensional
representations of the superPoincare´ subalgebra (6). Such representations have been
constructed in the article [14].
The irreducible representation of the extended algebra can be found by the well-
known method of induced representations [13, 14]. This method consists of finding a
representation of the Wigner’s little group L and boosting it up to a representation of the
full group. The subgroup L is a group of transformations which leave a fixed momentum,
in our case time-like momentum kµ = k(1, 0, 0, 1), invariant. The Poincare´ generators in
L form the Euclidean algebra E(2) (see Appendix for definitions)
[h, π
′
] = iπ
′′
, [h, π
′′
] = −iπ
′
, [π
′
, π
′′
] = 0.
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Notice that transformations generated by the gauge Lλ1...λsa and supercharge Qα generators
leave the manifold of states with fixed momentum invariant, since they all commute with
P µ, therefore all these generators should be included into the little algebra L, so that we
have the following generators in L5:
h, π
′
, π
′′
, Qα , Q¯α˙ , L
λ1...λs
a . (20)
The full set of commutators of the L algebra are presented in the Appendix and have the
following form6:
[h, π
′
] = +iπ
′′
, [h, π
′′
] = −iπ
′
, [π
′
, π
′′
] = 0,
[h, Q¯1˙] = −
1
2
Q¯1˙, [h, Q1] = +
1
2
Q1, {Q1, Q¯1˙} = 4k (21)
[π
′
, Q1] = iQ2, [π
′′
, Q1] = −Q2, [π
′
, Q¯1˙] = iQ¯2˙, [π
′′
, Q¯1˙] = Q¯2˙.
The supercharges commute with the gauge generators
[Q1, L
λ
a] = 0, [Q¯1˙, L
λ
a ] = 0. (22)
The commutators between the E(2) and the Lλ1a generators are:
[h, L0a] = [h, L
3
a] = 0 [π
′
, L0a] = −iL
1
a [π
′′
, L0a] = −iL
2
a
[h, L0a] = [h, L
3
a] = 0 [π
′
, L3a] = −iL
1
a [π
′′
, L3a] = −iL
2
a
[h, L1a] = +iL
2
a [π
′
, L1a] = −i(L
0
a − L
3
a) [π
′′
, L1a] = 0
[h, L2a] = −iL
1
a [π
′
, L2a] = 0 [π
′′
, L2a] = −i(L
0
a − L
3
a)
(23)
and the higher rank generators Lλ1...λsa have similar structure of commutators (see details
in the Appendix). The problem reduces to the construction of the unitary irreducible
representations of the L algebra.
The representation of the little algebra L can be found by restricting the general
representation (13) into the invariant subspace defined by the conditions (16) and solution
(17) to be of the form:
Ψ(kµ, ξν, ϑα) δ(k
2) δ(k · ξ) δ(e2 + 1) = Φ(kµ, ϕ, ξ, ϑα). (24)
Making use of the chain rule we may reexpress (13) as a differential operator in the new
variables, so that the generators of the L algebra reduce to the form
h = −i ∂
∂ϕ
− 1
2
(ϑ1 ∂
∂ϑ1
− ϑ¯1˙ ∂
∂ϑ¯1˙
− ϑ2 ∂
∂ϑ2
+ ϑ¯2˙ ∂
∂ϑ¯2˙
),
π
′
= ρ cosϕ− iϑ1 ∂
∂ϑ2
− iϑ¯1˙ ∂
∂ϑ¯2˙
, π
′′
= ρ sinϕ+ ϑ1 ∂
∂ϑ2
− ϑ¯1˙ ∂
∂ϑ¯2˙
, ρ = − i
k
∂
∂ξ
,
Q1 = −i
∂
∂ϑ1
− 2ikϑ¯1˙, Q2 = −i
∂
∂ϑ2
,
Q¯1˙ = +i
∂
∂ϑ¯1˙
+ 2ikϑ1, Q¯2˙ = +i
∂
∂ϑ¯2˙
(25)
and taking into account (17) the gauge generators become
L⊥ µ1...µsa =
s∏
i=1
(ξkµi + eµi1 cosϕ + e
µi
2 sinϕ)⊕ La. (26)
5In this section we shall use two component Weyl spinors and only discuss N = 1 supersymmetry.
6Not all of them are presented here in the main text.
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This is a purely transversal representation and, as we have already mentioned in the pre-
vious sections, it cannot be trivialized by the transformations (12), (15). It is transversal
in the sense that
kλ1L
⊥λ1...λs
a = 0. s = 1, 2, ... (27)
What is important to notice is that the commutators between the generators of E(2) and
the L⊥ λ1...λsa generators of the little algebra L are fulfilled only if ρ 6= 0. An example of
this is the commutator [π
′
, L0a] = −iL
1
a.
Next we are interested in knowing the helicity content of the transversal gauge gen-
erators just constructed. The supercharges Q1, Q¯1˙ carry helicities h = (1/2,−1/2), as
one can see from the commutators of the helicity operator with supercharges in (21).
The Poincare´ generators π± = π
′
± π
′′
carry helicities h = (1,−1). The fact that the
L±a = L
1
a ± iL
2
a carry helicities h = (1,−1) is seen from the commutators in the first
column of (23):
[h, L±a ] = ±L
±
a . (28)
The rank-2 generators L++a , L
+−
a , L
−−
a carry helicities h = (2, 0,−2), where
L++a = L
11
a + 2iL
12
a − L
22
a , L
+−
a = L
11
a + L
22
a , L
−−
a = L
11
a − 2iL
12
a − L
22
a ,
so that [h, L±±a ] = ±2L
±±
a , [h, L
+−
a ] = 0 and in general the rank-s (L
+···+
a , ..., L
−···−
a )
generators carry helicities in the following range:
h = (s, s− 2, ......,−s + 2,−s), (29)
in total s + 1 states. (Remember that gauge generator Lλ1...λsa cannot be realized as an
irreducible representation of the Poincare´ subalgebra of a definite helicity.) This can be
seen also from the explicit representation (26):
L⊥ µ1...µsa =
s∏
n=1
(ξkµn + eiϕeµn+ + e
−iϕeµn− )⊕ La, (30)
where eµ± = (e
µ
1 ∓ ie
µ
2 )/2. The last formula also illustrates the realization of the transfor-
mation rule (12). Indeed if we perform the multiplication in (30) and collect terms with
a given power of momentum we get the following expression
L⊥ µ1...µsa =
s∏
n=1
(eiϕeµn+ + e
−iϕeµn− )⊕ La + (31)
+
∑
1
ξkλ1
s−1∏
n=1
(eiϕeµn+ + e
−iϕeµn− )⊕ La + ... + ξk
λ1...ξkλs ⊕ La,
where
s∏
n=1
(eiϕeµn+ + e
−iϕeµn− )⊕ La (32)
is the transversal part of the generator which we describe in terms of (L+···+a , ..., L
−···−
a ).
The rest of the terms (corresponding to the terms with indices 0 or 3) are purely longitu-
dinal, transforming under (12), and can be gauged away7.
7The situation is analogous to the polarization tensor of the graviton eµν(k) = eµν
1
+eµν
2
+kµξν+kνξµ.
The first two terms describe transversal polarizations, the last two terms describe the longitudinal part
and if one takes ξµ = eµ
1
then there will be a spin one part, but still representing a pure gauge.
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The states of the representation can be constructed by using these operators. The
massless irreducible representation of N = 1 supersymmetry comprises the two states
with helicities λ and λ− 1/2:
|λ > Q¯1˙|λ >
λ λ− 1/2,
(33)
where h|λ >= λ|λ > and Q1|λ >= 0. Because the operators π± commute with the
supercharges (21)8 they generate an infinite tower of high helicity states:
.... π+|λ > |λ > π−|λ > ....
.... π+Q¯1˙|λ > Q¯1˙|λ > π
−Q¯1˙|λ > ....
.... λ+ 1 λ λ− 1 .....
.... λ+ 1/2 λ− 1/2 λ− 3/2 .....
(34)
From the above formulae it follows that the infinite multiplets built up by any integer
λ are isomorphic to each other. The same is true for multiplets built up by any half-
integer λ. The supersymmetry transforms simultaneously different pairs of states within
the large multiplet, the vertical columns in (34). It does not transform nontrivially the
whole multiplet, that is the horizontal states in (34). The operators (L+···+a , ..., L
−···−
a )
commute with the supercharges (22) and with the π± generators (23) and are similar to
the creation and annihilation operators of the Kac-Moody algebra. Therefore the state
|λ > must also form an irreducible representation of the internal algebra LG from which
color states of high helicity are generated.
We note that these infinite representations are the same as those found in [14], where
the continuous spin representations of the superPoincare´ group were derived.
6 Generalization of de Sitter and Conformal Groups
We might ask if the extension above can be made for the de Sitter and the conformal
groups, too. Consider first the algebras SO(4, 1) or SO(3, 2)
[JAB, JCD] = i(gADJBC − gACJBD + gBCJAD − gBDJAC),
where gAB = (+ − − − −) or gAB = (+− − − +) and A,B=0,1,..,4. The Wigner-Ino¨nu¨
contraction J4µ = RP µ, Jµν =Mµν , where µ, ν = 0, 1, 2, 3 and R→∞, reduces it to the
Poincare´ algebra. In the previous analysis there were no restrictions on the dimension
of space-time when we considered the bosonic part. We can then drop the translation
generators and just consider the sets of commutators
[JAB, JCD] = i(gADJBC − gACJBD + gBCJAD − gBDJAC),
[JAB, LC1...Csa ] = i(η
C1BLAC2...Csa − ...− η
CsALC1...Cs−1Ba ),
[LC1...Cna , L
Cn+1...Cs
b ] = ifabcL
C1...Cs
c (s = 0, 1, 2, ...). (35)
This is an obvious generalization to the cases of the (anti)de Sitter groups.
8This is because on the state |λ > the supercharges Q2,Q¯2˙ are realized trivially Q2|λ >= Q¯2˙|λ >= 0.
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Similarly since the SO(d, 2) algebra is isomorphic to the conformal algebra the algebra
LG(P) can be extended to the conformal group as well with the following well known
identification:
Jµν =Mµν , Jµ,d =
1
2
(Kµ − P µ), Jµ(d+1) =
1
2
(Kµ + P µ), J (d+1)d = D, (36)
where gAB = (+ − − − ... − +) and A,B = (0, ..., d, d + 1). Thus we have the algebra
LG(SO) of the form
1
i
[JAB, JCD] = gADJBC − gACJBD + gBCJAD − gBDJAC ,
1
i
[JAB, LD1...Dsa ] = η
D1BLAD2...Dsa − ...− η
DsALD1...Ds−1Ba ,
1
i
[LD1...Dna , L
Dn+1...Ds
b ] = fabcL
D1...Ds
c (s = 0, 1, 2, ...). (37)
We defer to future work the study of generalisations of these algebras to superalgebras.
7 Conclusions
In this paper we have studied infinite-component massless supermultiplets which arise
from a new extension of the superPoincare´ algebra. We find that they agree with the
continuous spin representations of the ordinary superPoincare´ algebra. This provides us
with a new framework to discuss such representations. There has been a struggle since the
advent of String Theory to describe the zero-tension limit of such a theory, which should be
a theory with massless particles of all possible spins [15, 16, 17, 18, 19, 20, 21]. It is hence
interesting to study methods to generate infinite-component massless supermultiplets.
In this paper we have only taken a first step to include half-integer spins in a recently
proposed scheme [1]. In future work we will extend this to higher supersymmetries,
higher-dimensional algebras and possibly further extension along the lines of this paper.
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Appendix
The irreducible representations of the extended algebra can be found by the well-known
method of induced representations [13, 14]. This method consists of finding a represen-
tation of the Wigner’s little group L and boosting it up to a representation of the full
group. The subgroup L is a group of transformations which leave a fixed momentum,
in our case the time-like momentum kµ = k(1, 0, 0, 1), invariant. Under the Lorentz
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rotations the action of the element Uθ = exp (
i
2
ωµνM
µν) creates an infinitesimal transfor-
mation kµ → ωµν k
ν + kµ, and kµ = k(1, 0, 0, 1) is left invariant provided the parameters
obey the relations ω30 = 0, ω10+ω13 = 0, ω20+ω23 = 0. Therefore the little subalgebra
L contains at least the following generators:
h =M12, π
′
/P 0 = M10 +M13, π
′′
/P 0 = M20 +M23.
The M12 represents the helicity operator h:
h =
~P ~S
P 0
=
~P ~J
P 0
=
PiǫijkMjk
P 0
=M12,
where ( ~J = ~R× ~P + ~S). The super-Poincare´ little algebra is:
[h, π
′
] = +iπ
′′
, [h, π
′′
] = −iπ
′
, [π
′
, π
′′
] = 0,
[h, Q¯1˙] = −
1
2
Q¯1˙, [h, Q1] = +
1
2
Q1, {Q1, Q¯1˙} = 4k,
[h, Q¯2˙] = +
1
2
Q¯2˙, [h, Q2] = −
1
2
Q2, {Q2, Q¯2˙} = 0, (38)
[π
′
, Q1] = iQ2, [π
′′
, Q1] = −Q2, [π
′
, Q¯1˙] = iQ¯2˙, [π
′′
, Q¯1˙] = Q¯2˙,
[π
′
, Q2] = 0, [π
′′
, Q2] = 0, [π
′
, Q¯2˙] = 0, [π
′′
, Q¯2˙] = 0
and the rest of the anticommutators between the supercharges is {Qα, Qβ, } = {Q¯α˙, Q¯β˙} =
0. The first level commutation relations in (10) are
[Mµν , Lλa] = i(η
λνLµa − η
λµLνa), [Qα, L
λ
a] = 0, [Q¯α˙, L
λ
a] = 0
and, when written in components, the little subalgebra L takes the form:
[h, L0a] = [h, L
3
a] = 0 [π
′
, L0a] = −iL
1
a [π
′′
, L0a] = −iL
2
a
[h, L0a] = [h, L
3
a] = 0 [π
′
, L3a] = −iL
1
a [π
′′
, L3a] = −iL
2
a
[h, L1a] = +iL
2
a [π
′
, L1a] = −i(L
0
a − L
3
a) [π
′′
, L1a] = 0
[h, L2a] = −iL
1
a [π
′
, L2a] = 0 [π
′′
, L2a] = −i(L
0
a − L
3
a).
The second level commutation relations are
[Mµν , Lλ1λ2a ] = i(η
λ1νLµλ2a −η
λ1µLνλ2a +η
λ2νLµλ1a −η
λ2µLνλ1a ), [Qα, L
λ1λ2
a ] = [Q¯α˙, L
λ1λ2
a ] = 0
and in components they have the form:
[h, L00a ] = [h, L
03
a ] = [h, L
33
a ] = 0
[h, L01a ] = +iL
02
a
[h, L02a ] = −iL
01
a
[h, L13a ] = +iL
23
a
[h, L23a ] = −iL
13
a
[h, L11a ] = +2iL
12
a
[h, L22a ] = −2iL
12
a
[h, L12a ] = +i(L
22
a − L
11
a ), (39)
11
and with translation operators π
′
and π
′′
:
[π
′
, L00a ] = −2iL
01
a , [π
′′
, L00a ] = −2iL
02
a
[π
′
, L01a ] = −iL
00
a + iL
03
a − iL
11
a , [π
′′
, L01a ] = −iL
12
a
[π
′
, L02a ] = −iL
12
a , [π
′′
, L02a ] = −iL
00
a + iL
03
a − iL
22
a
[π
′
, L03a ] = −iL
01
a − iL
13
a , [π
′′
, L03a ] = −iL
02
a − iL
23
a
[π
′
, L11a ] = −2iL
01
a + 2iL
13
a , [π
′′
, L11a ] = 2iL
23
a − 2iL
02
a
[π
′
, L12a ] = iL
23
a − iL
02
a , [π
′′
, L12a ] = iL
13
a − iL
01
a
[π
′
, L13a ] = −iL
11
a + iL
33
a − iL
03
a , [π
′′
, L13a ] = −iL
12
a
[π
′
, L22a ] = 0, [π
′′
, L22a ] = 0
[π
′
, L23a ] = −iL
12
a , [π
′′
, L23a ] = −iL
22
a + iL
33
a − iL
03
a
[π
′
, L33a ] = −2iL
13
a , [π
′′
, L33a ] = −2iL
23
a .
(40)
The current subalgebra in (11 ) between generators has the following form:
[L0a, L
0
b ] = ifabcL
00
c , [L
0
a, L
1
b ] = ifabcL
01
c , [L
0
a, L
2
b ] = ifabcL
02
c , [L
0
a, L
3
b ] = ifabcL
03
c
[L1a, L
1
b ] = ifabc, L
11
c , [L
1
a, L
2
b ] = ifabcL
12
c , [L
1
a, L
3
b ] = ifabcL
13
c
[L2a, L
2
b ] = ifabcL
22
c , [L
2
a, L
3
b ] = ifabcL
23
c ,
[L3a, L
3
b ] = ifabcL
33
c . (41)
and so on to the higher levels.
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